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Abstract 

In this article we use theoretical and numerical methods to 
evaluate in a closed-exact form the parameters of Ramanujan 
type I/tt formulas. 
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1 Introduction 

We give the definitions of the Elliptic Integrals of the first and second kind 
respectively (see [9], [4]): 

K{x) = / - and E{x) = J 1 - sm'^{t)dt. (1) 

•^0 ^l-x^sin^t) •'0 

In the notation of Mathematica we have 

K{x) = EllipticK[2;2] and E{x) = EUipticE[a;2]. (2) 

Also we have (see [9], [7]): 



K(k^-dKik) K{k) 



The elliptic singular moduli is defined to be the solution of the equation: 

K{y/l-w'^) 



(4) 



K{w) 

In Mathematica is stated as 

w = k = kr = k[r]= InverseEllipticNomeQ[e"''^]i/2_ (5) 

The complementary modulus is given by k^ — \ ^ k^. 

Also we will need the following relation of the elliptic alpha function (see [7]): 
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The Hypergeometric functions are defined by 

m+lFm (ai, O2, • • • , Ctm+i; ^'ij &2, • • • , bm] z) : = 

_ (ai)n(a2)n ■ ■ ■ {am+l)n ^" r 1 1 , 1 (J^ 

ihUb2)n...{bm)n n! ' < 

and (a)o := 1, := a{a + l)(a + 2) . . . (a + n — 1), for each positive integer n. 

2 The construction of some I/tt and I/tt^ formu- 
las 

It holds 

Consider the following equation with respect to the function 4>i{z): 
y j^z^ian + b) = ^^ bM^) + (iz^'iiz) = -■ 

71=1 ^ ' 

Set w = 1/2 (1 - Vl - k'^), l-2w = y/T^ = k'^. 
But 

hence 

oo / 1\3 

t%4"(m; - 'u;2)"(an + 6) = 

_ 4K{^) {aE{^/w) + {b-a + aw-2bw- 2bw)K{^) 
~ 7r2(l-2w) ■ 

For w = kr we get 

oo / ]_\3 

n— 1 ^ 

_ 4Js:(A;^) {aE{kr) + {b-a + ak^- 2bw - 2bk^)K{kr)) 
~ 7r2(l - 2fc2) ■ 

Now using the formula for a(r), in the sense that 



(9) 



= (10) 
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for suitable values for a, b, c we get the following theorem: 



Theorem 2.1 

|il|4"(fc.fc;)2" - 2k',)n + a{r) - V^k',) = ^ (11) 

n=l ^ 



Example. 



Prom which a special case is 



^ n!)3 ^ ^ ^ 7 7\/2^ Mtt 

n— ^ ^ * 



Theorem 2.2 



oo „(2) , 

E ri^ikrfWrk'^'n + a(r) - ^fc^) ^ 



n=0 ^ ' 



(12) 



Proof. 

We use the function 



(13) 



Then if 



(") 



1\ /I 



2/ V 2, 



2"- 



(i) 



1\ /I 



2/ V 2, 



where 



oo „(2) 



(14) 



c02(-2) + hz(}>'^{z) + az^(f)'^{z) = y -^2"(an2 + {b- a)n + c) 



n=0 



Hence we get 

oo „(2) 

-On 



_ 2 (a^(fc^) + (26 - 26fc2 - 4a + 6ak^)E{kr)K{kr)) 



n=0 



7r2(l - A;2)2 



+ 
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2(3a - 2b + 2c + (-4a + 26 - 2c)k^)K{kr) 

^ 7r2(l - fc2) 

For a = 0, 6 = 1, c = (-/e^ + a(r)r^i/2)/j^-2^ gg^^ 



Theorem 2.3 Set 



G") 



then an I/tt^ formula is the foUowing 

oo „(3) 

^ ^(2fc.fc;)2"(n2 + (6(r) - l)n + c(r)) 

n=0 



where 



and 



Proof. 

Set 



then 



b{r) 



c(r) = 



3-f 2 



(1 - 2A;2)2, 

'dUr + ^/r- 6a{r)k^ - Qy/rkl + I2y/¥k^ 
VRl^^2fc2)2 

3a(r)2 - &a{r)^kl - rk^ + 4rk* 
r(l - 2fc2)2 

1 1 1 \\ f UK^ljl-VT^z)) 

2' 2' 2' ' ' 



o(3) 
On 



(15) 



(16) 



c03(-2) + hz(t>'^{z) + az^(f)'^{z) = y -^^"(an^ + {b- a)n + c) 

The left hand of the above equation is a function of E{x), K{x), and can eval- 
uated when we set certain values to the parameters a, b, c. 



Examples. 
1) 



1200(161\/5- 360)7r2 

2) 



4 



6(163) 



191211325848427 _ 1010784962625383717350772720 ■ 2^/3 4 ■ 2^/3 ((Bi - V489B2) 
151931373056001 1 cmQioTonricnni ( Ti '7rj^^^~^^ 151931373056001 



151931373056001 (Bi - V489B2) 
Bi = 5680848001702137216093843898647314524189 
B2 = 76896989960589381643149203281167 

-5839006481108705728 + 9529627071955041072 ■ 6(163) - 4530513053635162884 • 6(163)^ + 
+668649972819460401 ■ 6(163)^ = 

, , 14178679829869760 4 (Ci - \/i89C2) ^''^ 6241484569597616793758909818952 - 22/3 

c(163) = i — - 

24764813808128163 24764813808128163 24764813808128163 (Cs - ^489^4) 

Ci = 5512985602111283751597893407219881834715037026 

C2 = 101526256966667546381077303112958296550 

Cs = 2756492801055641875798946703609940917357518513 

C4 = 50763128483333773190538651556479148275 

-24380823840878077184 + 13131020889593608594752 • c(163)- 
-30513780896384581928640 ■ c(163)2 + 17765361127840243394169 • c(163)* = 

E 7;^(^i63fc;63)'"(r^' + (K163) - l)n + c(163)) = (18) 

n=0 ^ '' 

4 ( 12660947754667 + 26680 (Ai - ^f^A■2) + 26680 (Ai + ^489^2) ) 

8254937936042721 

Ai = 106866398697613339845357037 
A2 = 3136555671686449089 

, ,2 1 266933400 10005 / , n 1/3 

2/163 = (fei63fei63)' = 77: - TTTT + ("l + 557403%/489) 

16 (-1 + 557403^489) ' ^ 

-1 + 16408588290048048 • yws - 768 • yfgs + ^096 • j/fgg = 

Formula (18) gives about 17 digits per term and is a formula for For 
r = 253 we have another such formula which gives 21 digits per term constructed 
in the same way as (18). 
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3 The study of a non usual I/tt formula 

The j invariant is given by (see [17]): 
where z = \/^, r-positive real and 

oo 

rj{z) = e"''"/^2 Y[{1- e^^'"^) 

n=l 

is the Dedekind eta function. 
Also 



r]{z) kr 



Prom [24] section 7, Theorem 7.4 and from [11] formula (5.8), when q = e 
z = \/—r, r positive real, the modular j'-invariant is also given by 



(20) 

27riz 



where 

^w=i-24i:Y^,Qw=i+24of:^ 

and 

i?(g) = 1 - 504 V-^. 
The function is given from 



1 - 9" 



tr = ^(Pr-^], (22) 



where 

= p[-e-''^) , Qr = Qi-e-""^) and i?r = ii(-e-'^^). 

i) Using Theorems 3 and 4 of [25], relation (21) equivalently can be trans- 
formed to 

432 

^■<^' = m^y '''' 

Also note that we have 

_ _ 256(1 - + fc,^)3 _ 432 



6 



Hence with our method in [25] we can simphfy the known results of [24] and 
[11] using the function /3r, which defined as the root of the equation: 



,F,{l,l;l;l-w) 



(25) 



ii) Set now ttIj. := fc^ and let a(r), E{x) be the elliptic alpha function and 
the complete elliptic integral of the second kind respectively (see [7], [4]), then: 



(1 - 2Pr/i)ul^^ V Vr-n- 



- 2 + rUr/i - /—f-rj^, ^ 



or 

1 + rUriA — 7=a (j) 



Hence from the above evaluations and the I/tt series in [6] and [11] we get the 
next reformulation: 



Theorem 3.1 If we define 

Jr := 1728i-i = 4^,(1 - Hr) (27) 

yr^¥+¥(l - 2/3.) V^Vjr - 1728 ^ ^ 

then 

o °° (1) (5\ (1\ 

, J = E Ln3 + ^-Tr) (29) 



Note. The function Gj. is the Weber invariant and 

a(r) = 2V^(1 + kl) - 6a(r) 

(see [7], [5] chapter 5). 

The above formulas (27), (28) and (29) can be used for numerical and theoretical 
evaluations. 



SimilEirities of formula (29) and a fifth order base formula 
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^F^iil-^-^^^^^) =3i^Ji|,^;l,l;.), (30) 



From the identity 

2 

^6'6''' 2 ) "'"V6'6'2 
and using the following relations found in [7]: 

Ks{x) = ^2Fi [\-s,^+s; 1; and E,{x) = ^a^^i (^-^ - s, i + s; 1; 

(31) 

E, = il- P)K. + '-^^^Ks , Mt) = ^ (32) 

with s = 1/3 one can get, (working as in Theorem 2.1) the following Ramanujan- 
type I/tt formula: 

~ (l\ (5\ (1) ( R_ - £^ 

\6)n \Q)n \2)n(AQ It a \\n\ I o„ r''' 



(34) 

where the function 05 (r) = ai/3(v^) is algebraic for r e Q!^. 
The parameters and the corresponding function a^{r) of (34) are those of fifth 
singular moduli base theory. Also (34) in comparison with (29) gives the fol- 
lowing theorem. 

Theorem 3.2 

10a5(r)r-V2 = lQa,/,{^)r-'/^ = 1 + 8/3. - ^ + ~ ^ (35) 

The above formula is for general evaluation of elliptic alpha function in the 
fifth elliptic base. 

Also from the cubic theory as in fifth, we have 



we get 



n=0 



4 



(a^{r)-ay,[4'\r)]T-^/^) 



3(1-2^3(0) " 
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4 Examples and Evaluations 

1) For r = 2 

2) For r = 4 we have 

11 



Un (n!)3 l,133i; l,'"+2i; ^^"^ 



3) For r = 5 we have 



418 

27(-1975 + 884\/5) 



33275 



Hence 



V21(i5U + 59()7\/5 



TT 



4) For r = 8 we have 



fc| = 113 + 8OV2 - 4W2 (799 + 565V2 



a(8) = 2 (10 + 7V2) ^1 - y -2 + 2V2 

Then 



15^1 (84125 + 81432^2) 

99827r " 

{\)n (i)n (^)n / 5643000 - 3990168 " / 3276 - 1125\/2 + 29946n \ 
~ („!)3 1520875 j y 4991 j 

(42) 

5) For r = 18 we have 

fci8 = (-7 + 5\/2)(7-4\/3) 
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a(18) = -3057 + 2163\^ + 1764\/3 - 1248\/6 



/3: 



18 = 



1 7 (49982 + 4077 V6) 



2 10V5 (989 + 54Vl5)^^^ 

637326171 - 260186472v^ 

Ji8 = ^ (43) 

453870144125 ^ ' 

^ 712073 + 49230^6 

1074514 ^ ^ 

Hence we get the formula giving 8 digits per term: 

(Note that the number of digits per term is determined by the value of Jr, 
approximately.) 

5^23124123365 - 13274820\/^ _ 

10745147r ~ 

i})n il)n il)n ( 637326171 - 260186472^6^ " 

n=0 



(n!)3 I 453870144125 j 



X 



/ 9 (40271 - 5470V6) \ , , 

1074514 



6) For r = 27 



1 / 1 + 100 • 21/3 _ 80 • 22/3 

k27 



a(27) = 3 
a(27) is obtained from [7] page 172. 

J27 



2 V 2 + \/3 - 100 • 2V3 + 80 • 2^/3 

/3 



i(V3 + l)-2./ 
56143116 + 157058640 • 2^3 _ 160025472 • 2^/^ 



^27 = 



817400375 

58871825 + 22512960 • 2^'^ + 13208820 • 2^/^ 



132566687 

Hence we get the 11 digits per term formula: 



935 935 



E 

n=0 



TT Y 3 (761257259 - 157058640\/2 + 160025472-^ 
i\)n (i)n i\)n ( 56143116 + 157058640v^ - 160025472 \/4\ " 



(n!)3 I 817400375 
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/ 6 (12282477- 3752160 v^- 2201470\/5)\ 

X 6n + 

\^ 132566687 J 

7) From the Wolfram pages 'Elliptic Lambda Function' and 'Elliptic Singular 

Value' we have: ^ 

A;58 = (-1 + (-99 + 13\/58) 



and 



a(58) = ^ (-70 + 99^2 - 13^29^ (5 + v^)'^ (-444 + 99^29^ 



64 

Also using the cubic theta identities, (see [25] relations (2), (3), (4), (30)) we eval- 
uate an4 numerically to 1500 digits and then fH^s to 1500 digits accuracy. We 
then apply the 'Recognize' routine of Mathematica. The result is the minimum 
polynomial of (this can be done also from (19) and (23)): 

1 - 1399837865393267000X+ 79684665286353732299517000a;2- 

-159369327773031733812500000a;^ + 79684663886515866906250000a;4 = 0. 
Solving this equation with respect to x we get the value of /Sss in radicals. Thus 



_ 1399837865393267 - 259943365786104V29 

~ 39842331943257933453125 ^ ' 

5 (1684967251 + 24160612^29) , ^ 

10376469642 ^ ' 



The result is the formula 



5^^ (13826969809210107- 90211316V^) 

3578092987r ~ 

(g)n (i)n (l)n ( 1399837865393267 - 259943365786104^/29 \ " 
^ (n!)3 \^ 39842331943257933453125 J 

{ 6117973 8628790 ^ \ 

X = + 6n (48) 

V32528118 25557807V29 J ^ ' 

which gives 18 digits per term. 

8) For r = 93 (see [7] pg.l58), we have 

cr(93) = 6^93*^ I I (15^93 + 13\/31 + 201\/3 + 217^ . 



11 



Prom [5] chapter 34 we have 

(3^/3 + y3T)'/' (39 + 7x/3T)'/' 



also 



Hence 



93 

^1 + fc^ <j{r) 
a{r) = V^—^ ^ 

^93^ — 4^93(1 — ^93) 



224589314596 + 129666700800^3 + 40337431680^31 + 23288826960^93 
Jg^^ = 119562334956358303022500 + 21474029280866147440000^31+ 

+47OIO6OO0V 129368095019778762513344107725 + 23235195778655878514048710848\/31 
^ 10559116299575 + 1317692448000v^3 + 275805228680^31 - 81807235875a/93 

15081520900138 

where 

i93 = 1728 J9-3^ 

This result is a very flexible formula that gives about 24 digits per term. 



5 Neat Examples with Mathematica and Sim- 
plicity 

The class number d), e N of the equivalent quadratic forms is given by 

n=l ^ ^ 

where w(2>) = 6, w{A) = 4 else ■w{d) = 2. (^), is the Jacobi symbol. Observe 
that 163) = 1 (see [17]). For small values of h{—d) we have greater possibility 
to evaluate Jd and Td in radicals. 

The simplest way to evaluate the parameters J163 and Ties is again with 
Mathematica. 



The general algorithm is: 

i) Set r = d and k[r\ = lnverseEllipticNomeQ[e^''^]^/^, then we can evalu- 
ate and jr from relations (19) and (23). Hence we get the value of Jr as in 
section 4 example 7. 

ii) For the evaluation of we will need the value of a(r) which is given from 
(see [7]): 

«W = ^-V^(|-l)- (50) 
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This in Mathematica is given from 

, TT ^/ EllipticE[fc[r]2] A 

4EllipticK[fc[r]2]2 VEllipticK[A;[r]2] J ^ ' 

Hence taking the package 

<< NumberTheory'Recognize' 

and 

Recognize[A''[Ji63, 1500], 16, x] 

Recognize[7V[Ti63, 1500], 16, x] 

we get two equations. After solving them we get if r € N (here r = 163), the 
values of the parameters Jr and Tr in algebraic-closed forms. The results are 
the TT formulas. 

1) We have that Ji63 is root of 



-64 + 2552810853189232588558727380998000a; - 2198253790246041723377943360187500x^ 
hence 



+224451422498574115473590775022822688001953125x^ = 



Ci - C2 (-Ai + V489Bi) + 30591288 (-Ai + ^/489Bl) 
■^^^^ ~ ^ 10792555251621895860488211571345343375 

Ai = 12737965652562547164590026038483234248161827096523072256574968383 
Si = 229038073182066825378006485964950394558349727761749294205546402325349 
Ci = 8808429913332498766352891 
C2 = 902206261147132595923169636910570558029813352485594880 



From Jr = 4/3r(l — Pr), wc get the value of f3r and hence 

12948195754365757115 + 8 (A2 - 52^489) + 8 (^2 + ^2^489) 
'^^^^ ~ ^ 83470787671093501833 
where 

A2 = 3802386862487392962897493239274992371253057854289262 
B2 = 3865464212119923579732688315287754932290919450 

The above parameters give 32 digits per term 
2) Another evaluation is taking d = r = 253: 
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Ai - A2Vli + 31990140-\/ A3 - A4V1I 
J253 = -. 

Ai = 2804365789259959094417576921792857440357087269234369 
A2 = 845548099807651569627713349319558464492321957799872 
A3 = 1433462642401972199773341051748172965440271797713951 

6818782945906676740858207407330990565 
A4 = 43220524871261259540733172862370537466134334936322822 

33926553935879770457716659641968088 
A5 = 1066755353338783886372226117351012749877681799897625 

and 



^ 1875 a/Bi - B2Vn + 3847208393012364625 + 752271279708923520a/11 

6969874104047710086 

Bi = 213216899528167866600672118125 
B2 = 60533150139616794053500831192 

The above parameters give 41 digits per term. 



Conclusion 

Wc have given a way of how we can construct a very large number of Ramanu- 
jan's type I/tt formulas. It is true that in most cases, from r = 1 to 100 (or 
higher), using Mathcmatica program, such formulas are very simple, as long as 
h{—d) remains small and the parameters are solutions of solvable polynomial 
equations. 
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